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The object of this paper is the following
THEOREM A. Let G be a finite group and let gG. If g G is a transersal
² G:to some HG, then g is solable.
Ž . GRemarks. 1 If g is a transversal, the coset H contains exactly one
a G Ž a.    G g  g . Therefore H C g . On the other hand G : H  g G
 Ž a.  Ž a. a GG : C g ; therefore H C g for some g  g .G G
Ž . G2 If g is a transversal, then it is both a left and a right transversal
as g eh hg eh if g, eG, hH and therefore G g GHHg G.
As an abbreviation we define:
DEFINITION. Let G be a finite group and let gG such that G
G Ž .g C g . Call G a CCCP-group, where CCCP stands for conjugacy classG
centralizer product.
 The idea to study these groups came from a paper by Fischer 10 . For
details of his work and the relation to Theorem A we refer to Section 1,
but we will give here a short summary:
Fischer defines a so called ‘‘distributive quasigroup’’ Q and a certain
Ž . Ž .finite group GG Q Aut Q . His main statement is that G is solv-
able.
The major interest in Q comes from the fact that Q can be defined in
group theoretic terms of G itself. In fact Q can be seen as a conjugacy
class of G and multiplication in Q is the conjugation action of Q on itself
inside G. However, to construct a distributive quasigroup from a given
group, this group has to fulfill the following two properties:
Ž .1 G is a CCCP-group for some gG in the above definition,
Ž . G c1 b bc1 a2 for all a, b, c g the following holds: a  a .
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This second condition reflects the left distributivity of Q, but it is hard to
check. So the idea was to drop this condition: The construction of a
quasigroup Q still works and out comes a so called right distributive
˜ ˜Ž .quasigroup Q. A group GG Q can be constructed in the same way as
for distributive quasigroups and an analogue theorem of Fischer’s theorem
is a corollary of Theorem A.
For the second approach to Theorem A we have to weaken the CCCP-
Ž . Gproperty: If G C g g , then obviouslyG
G  4g 	 C g  g Ž . Ž .G
Call this second condition the Glauberman condition, as Glauberman
  Ž .showed in his famous Z* by theorem 11 that if  holds for some
² G:involution g, then g is solvable. An analogue theorem for elements of
odd prime order is still an open problem, and to give an impression how
this could look like we state here the following
Conjecture. Let G be a finite group and let gG be of prime order p.
G Ž .  4 Ž . Ž Ž ..Then g 	 C g  g exactly if gO G  Z GO G .G p p
Note that O may be nonsolvable and that the conjecture holds if G isp
solvable or p 2. However, there is another generalization of Glauber-
man’s theorem which is a corollary of Theorem A:
Ž 1 .G GTHEOREM B. Let G be a finite group and let gG such that g g
Ž .  4 ² G:	 C g  1 . Then g is solable.G
The third approach to Theorem A needs another definition:
Ž .DEFINITION. Let G be a finite group and let Aut G such that
 G g ,  
 gG C  . 4 Ž .G
Call such a group an -CCP-group, which stands for commutators central-
izer product.
The relation between -CCP-groups and CCCP-groups is very simple:
Every CCCP-group is an  -CCP-group, where  is the inner automor-g g
phism corresponding to the gG for which G is a CCCP-group. If G is
² :an -CCP-group, then any extension G.  is a CCCP-group for  .
Details for this can be found in Section 2.
The idea behind this definition is that the authormorphism  in an
-CCP-group is a generalized fixed point free automorphism: Indeed if G
is a finite group admiting a fixed point free automorphism  , then G is an
-CCP-group as every element of G is a commutator with  .
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These automorphism are widely studied:
 Thompson showed in 20 that G is nilpotent if G admits a fixed point
free automorphism of prime order.
 Rowley showed in 17 , using the classification of finite simple groups,
that G is solvable in the general case.
The proof of Theorem A is based on the following generalization of
these results:
 THEOREM C. Let G be an -CCP-group. Then G,  is solable.
Ž .Remark. As the -CCP-property gives no restriction to C  , we haveG
    Ž .to restrict ourselves to G,  , but nevertheless G G,  C  by theG
-CCP-property.
As indicated above, Theorem A is a consequence of Theorem C and we
will now give an overview of the proof of Theorem C and begin with some
basic properties of -CCP-groups:
The -CCP-property can be restated in the following way:
A finite group G has the -CCP-property exactly if it has the following
Ž .   4  g Ž . 4  4Property i g,  
 gG 	 h 
 h C  , gG  1 .G
From this easily follows
Let G be an -CCP-group. Then G has the following
Ž .   4 Ž .  4Property i g,  
 gG 	 C   1 .G
Note that this condition is the -CCP equivalent of the Glauberman
Ž .condition  .
The next two properties were found by studying the work of Fischer on
 distributive quasigroups 10 . The search for an analogous proof for right
distributive quasigroups failed, but out came the following properties of
-CCP-groups:
Let G be an -CCP-group. Then G has the following properties:
Ž . Property ii If UG such that U U, then U is an -CCP-group.
Ž . Property iii If NG such that N N, then GN is an -CCP-
Ž . Ž .group and C   C  NN.GN G
These two properties show that the problem is better viewed from the
group theoretical point of view than from the point of quasigroups, as it
fits nicely into the existing group theory: The proof of Theorem C can
make heavy use of the ‘‘minimal counterexample’’ due to these properties.
This is a major difference from Fischer’s distributive quasigroups, as his
proof first has to develop a theory of distributive sub- and factor quasi-
groups.
ALEXANDER STEIN368
Details of these properties and some further applications can be found
in Section 2.
A first step toward Theorem C was to show that a minimal counterex-
ample is a nonabelian simple group, which is quite elementary up to a
 special case where the odd order paper 9 , Thompson’s work on N-groups
   19 , and a classical result of Brauer and Suzuki 3 were applied.
To go further, the classification of finite simple groups was used. This
seems quite brutal, but that is exactly the point where the classification of
finite simple groups was used by Rowley in the special case of fixed point
 free automorphisms in 17 , so there seems to be no way to avoid this.
Ž .However, the case C   1 is quite different from the case of fixedG
point free automorphisms, so in the last case we use Rowley’s work. In fact
Ž .the condition C   1 is the key idea to our proof.G
Ž .The alternating groups were treated using the fact that  Aut Altn n
Ž .for n 6 and Property i then gave a contradiction.
 For the sporadic groups the information mostly came from the Atlas 7
Ž .and Property i again gave a contradiction.
Details for this part of the proof can be found in Section 3.
A big problem was the groups of Lie type. A generalization of Rowley’s
proof failed but led to interesting results: Rowley relied heavily on the fact
that a fixed point free automorphism normalizes exactly one Sylow-r-sub-
 group for any prime r dividing G . An analogue statement for -CCP-
groups does not hold. However, using a famous theorem of Borel and Tits
  Ž .2 , one can show that  fixes a Borel subgroup of G, if C  containsG
elements of order p, where p is the characteristic of G. Another idea of
Rowley was to use the building of G. In this spirit we showed the
Ž . Ž .following; If C  contains elements of order p as above, either C G G
acts flag transitively on the building of G or the Lie rank of G is small and
some more restrictions on  and G hold. In the first case we can apply a
 result of Seitz 18 on flag transitive subgroups to get the contradiction
Ž .G C  .G
Ž .As Rowley’s result indicates, C   1 in the minimal counterexample,G
Ž .so we can find always an element x C  of prime order r. As theG
centralizers of involutions in simple groups of Lie type in odd characteris-
Ž .tic are all classified, we can show that C  contains elements of order p,G
Ž . Ž .if it contains involutions: If i C  is an involution, C i is -in-G G
variant but mostly contains large nonsolvable sections which are groups of
Lie type in characteristic p. By minimality of G now  has to centralize
Ž . Ž .these sections and by Property iii something in C  has to cover theseG
Ž .sections, so C  contains elements of order p.G
Ž .Now the last step was now to show that C  contains always involu-G
tions or elements of order p. Again Rowley’s work gave a good idea: In the
case of the alternating groups he looked at cyclical Sylow-r-subgroups R
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Ž . Ž .normalized by  . He showed that  has to act trivially on N R C R ,G G
forcing R to lie in the center of its normalizer, a contradiction. From this
Ž .came the observation that for x C  ,  has to act trivially onG
Ž² :. Ž . Ž .N x C x . Now Property iii comes into play: If  centralizes someG G
Ž .-invariant section, something in C  has to cover this section. ThisG
Ž .property gave the opportunity to show that C  cannot be any subgroupG
Ž . Ž . Ž .of G, as we can use Property iii to ‘‘blow up’’ C  : If some U C  ,G G
Ž . Ž .then C  has to cover all sections of N U , which are centralized by  .G G
The major result for getting such sections is Proposition 4.1 in Section 4.
Its proof makes use of the theory of algebraic groups and Frobenius
Ž .morphisms to get some control over C x for semisimple x. AnotherG
useful tool was the natural modules for the classical groups.
Note that this proposition is quite independent and the entire Section 4
has no relation to the previous sections.
The above mentioned ‘‘blowing up’’ strategy was used to show that
Ž .C  contains always elements of order 2 or p under the assumption thatG
G is a minimal counterexample. Now only ‘‘small’’ cases were left and a
direct ‘‘blowing up’’ strategy was used to show the contradiction G
Ž .C  .G
This part of the proof can be found in Section 5.
Some remarks on the notations. General group theoretic terms come
 from 1 ; the notation for the classical groups and their modules comes
   from 13 . From 4, 5, 19 comes the notation for algebraic groups of Lie
type, Weyl groups, and maximal tori. The notation for isomorphism types
  Ž . Ž .of groups, especially extensions, follows 7 . The symbols A q , B q ,n n
Ž .C q , . . . always refer to the nonabelian simple groups, if these exist.n
Otherwise we assume that these groups are center free and have no
nontrivial p-factor group, where q p f for some prime p. Under a group
G of Lie type in characteristic p we understand the following:
p, pŽ . Ž . Ž .Let SO G and S SZ S . Then C S  S and S is aG
direct product of simple groups of Lie type as defined above.
The author acknowledges the support of Professor Stroth and financial
support by the DFG.
1. QUASIGROUPS AND CCCP-GROUPS
Ž .DEFINITIONS 1.1 . Let Q be a finite set and let  be a binary
operation on Q. Call Q a quasigroup iff for all a, bQ the equations
a x b and ya b have a unique solution x respectively yQ.
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For aQ the maps  and  are called left respectively righta a
translations which are defined by
 : QQ,  b  abŽ .a a
 : QQ,  b  ba.Ž .a a
Ž .Note that  ,   Sym Q , as Q is a quasigroup.a a
Ž . ² : Ž . ² :Define G Q   
 aQ and G Q   
 aQr a l a
A quasigroup is called right distributie iff the equation
ab c ac  bcŽ . Ž . Ž .
holds for all a, b, cQ. It is called left distributie iff the equation
a bc  ab  acŽ . Ž . Ž .
holds for all a, b, cQ, and it is called distributie iff Q is both right and
left distributive.
Ž .Remark 1.2 . Let Q be a left distributive respectively right distributive
Ž . Ž .quasigroup. Then G Q respectively G Q is a group of automorphismsl r
of Q.
Ž .  THEOREM 1.3 10 . Let Q be a finite distributie quasigroup. Then
Ž .G Q is solable.r
As indicated in the preface, an analogous theorem is a consequence of
Theorem A and its proof is given in the last paragraph of this article:
Ž .THEOREM 1.4 . Let Q be a finite right distributie quasigroup. Then
Ž .G Q is solable.r
To show the relation between the right distributive quasigroups and the
CCCP-groups we state some elementary lemmata:
Ž .LEMMA 1.5 . Let Q be a right distributie quasigroup and let aQ.
Ž . Ž . G rŽQ .  b Ž .Then G Q  C   and    . Especially G Q is ar G ŽQ . a a a b a rr
CCCP-group for  .a
Proof. From the right distributivity follows
  x  xb  ab  xa b   x .Ž . Ž . Ž . Ž . Ž . Ž . Ž .b a b a b
Further, let a and b be elements of Q. By the quasigroup property there is
an element c with ac b. Therefore  c   . Now the set of all righta b
Ž .translations is closed under conjugation and generates G Q . Thereforer
Ž .the right translations form a conjugacy class of G Q .r
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Ž .For showing the above factorization we first show that C  G ŽQ . ar
Ž .Stab a :G ŽQ .r
Ž . Ž .i Let bQ. Then bb b. If bc b then b c. bb b
Ž . Ž . bb  bb by the right distributivity. As Q is a quasigroup the left
translation  is a permutation on Q. But now b and bb have theb b
same image which forces b bb. So bb b for each bQ. If now
bc b then bc b bb and as  is a permutation of Q we haveb
b c.
Ž . Ž . Ž .   Ž .ii If xAut Q , x a  a, then x,   1. If x a  a thena
Ž Ž .. Ž . Ž . Ž . Ž . Ž Ž ..x  b  x ba  x b  x a  x b a  x b for each bQ;a a
 therefore  x x and x,   1.a a a
Ž . Ž .   Ž .  iii If xAut Q , x,   1 then x a  a. If x,   1 thena a
Ž . Ž . Ž . Ž . Ž Ž .. Ž Ž .. Ž . Ž .x a  x aa by i . Now x aa  x  a   x a  x a a. By ia a
Ž .this forces x a  a.
Ž . Ž . Ž . Ž .Now by ii and iii we have C   Stab a .G ŽQ . a G ŽQ .r r
Ž . 1 Ž .Let g be any element of G Q ,  g and b g a . By the quasi-r
Ž .group property there is an element cQ with ac b. Then a  b
Ž . Ž Ž .. Ž . 1  ac    a . Setting h   we have h a  a and g h  .c c c
Ž . 1 Ž . Ž .As h a  a we have h  C  as seen above and G Q is aG ŽQ . a rr
 -CCP-group.a
Ž . GLEMMA 1.6 . Let G be a CCCP-group for gG. On g define an
operation  by ab ab if a, b g G. Then this defines a right distributie
quasigroup.
Ž . G h Ž Ž ..hŽ G .hProof. If G C g g then also G  C g g ; that is, GG G
Ž h. G G cC g g . So let a, b g . Then there is a cG with a  b andG
Ž . Gc hx with x conjugate to g and h C a . So for all a, b g there isG
an x g G with ax b and therefore the left translations are surjections.
As g G is finite, the left translations are also bijections and the above
solution x is unique.
Setting y ba1 for all a, bG there is at least this so defined y with
y a b. Therefore the right translations are surjections and even bijections
as g G is finite. So the set g G is a quasigroup with the operation .
G Ž . Ž b.c bc cb c Ž . Ž .So let a, b, c g . As ab c a  a  a  ac  bc
the operation is right distributive.
2. CCCP-GROUPS AND -CCP-GROUPS
In this section we give some basic properties of -CCP-groups which we
need later. But first we show the relation between the CCCP-groups and
the -CCP-groups.
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LEMMA 2.1. Let G be a CCCP-group for gG. Then G is an -CCP-
group with  i , the inner automorphism induced by g.g
Ž . gLet H be an -CCP-group and let gG with  x  x for all xG.
Then G is a C 3P-group for g.
Ž . G G Ž . Ž fProof. By definition G C g g , so G g C g . If x hg thenG G
f 1 f h1 . Ž 1 . g1 fx hg h h g h. So for xG we can write x  g h for
Ž . g1 1Ž 1 . f 1 g1some fG and h C g . Then x  h g and x g x gG
Ž 1 1.ŽŽ 1 . f . Ž .1  Ž .1 Ž .g h g g  hg f , g with hg  C g , so G is an -G
Ž .CCP-group for  i  Inn G .g
Ž .  4On the other side let G C  x,  
 xG . Then for yG weG
Ž 1 . g     Ž 1 . f Ž .can write y  h f ,   h f , g  h g g with h C  G
Ž . 1 Ž 1 . f f 1 1 Ž .1 f Ž g h.1C g . Thus y  gh g and y g h g  gh g withG
1Ž . Ž .gh  C g .G
The following proposition is the crucial tool for working with -CCP-
groups:
PROPOSITION 2.2. Let G be an -CCP-group. Then the following hold:
Ž .   f Ž .  i If g,   C  for some f , gG, then g,   1.G
Ž .    4  ii Let UG with U U. Then u,  
 uU  g,  
 g
4G 	U and U is an -CCP-group.
Ž .  Ž . Ž .iii Let NG with N N. Then C   C  NN andGN G
GN is an -CCP-group.
Ž .Proof. Let H C  .G
Ž .   f     f  i Assume g,   H. Then H gf ,   H g,  f ,  
   4    H f ,  . Since g,  
 gG is a transversal, gf ,   f ,  ; hence
gH.
Ž .ii As each left coset of U	H is contained in exactly one left
coset of H, it contains at most one G-commutator with  . But U contains
as many U-commutators as U-cosets. Therefore U is an -CCP-group and
each G-commutator in U can be realized in U itself.
Ž .  iii Let fNGN. Then f g,  h for some gG, hH.
  Ž .Thus fN gN,  hN and hN C  . So GN is an -CCP-group.GN
Ž .   Ž .Let eN C  , so e,  N. By ii there is an nN, such thatGN
       1   1 n  1e,   n,  . Now e,   en n,   en ,  n,  , so en H
Ž .and therefore C  HNN. As the other inclusion is obvious, theGN
lemma holds.
Ž . Ž . eCOROLLARY 2.3. Let Aut G , e Inn G with   , and
 e  ,   1. Then G is not an -CCP-group.
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Ž 1 .e     Ž .Proof. Then 1   e,   g,   C  for some gG,G
Ž .Ž .so by Proposition 2.2 i , G is not an -CCP-group.
Ž .LEMMA 2.4. Let G L  L  			 L and let Aut G with1 2 n
Ž . Ž . L  L and  L  L . If G is an -CCP-group, then L is ai i1 n 1 1
n Ž  Ž .  .
-CCP-group for 
  . Furthermore C 
 , n  1.L1
Ž .   n1Proof. For c , c , . . . , c  L define c , c , . . . , c as c c , . . . , c .1 2 n 1 1 2 n 1 2 n
 Assume G is an -CCP-group, so for g L we have g x,  h with1
Ž . Ž .xG and h C  . Let F C 
 .G L1
Ž .   Ž 1 
 1 1 .If x a , a , . . . , a we have x,   a a , a a , . . . , a a .1 2 n 1 n 2 1 n n1
Ž .Furthermore h b, b, . . . , b for some b F. Thus comparing the unique
factors of g we get a1a
b g and a1 a b 1 for i n. So a  a bi11 n i1 i i 1
  n nand g a , 
 b . Thus L is a 
-CCP-group. But then the map p: y y1 1
Ž   .is a surjection on F; thus F , n  1 as claimed.
Ž .LEMMA 2.5. Let G be an -CCP-group and U C  . Then  actsG
Ž . Ž . Ž .triially on N U C U . There is a D C  coering this factor.G G G
Ž .  Especially if C U U, then N,   1.G
Ž .      Proof. Let NN U . As U,  , N  1 N, U,  we get N,  , UG
  Ž . 1 by the three subgroup lemma, so N,   C U and  is trivial onG
Ž . Ž . Ž .Ž . Ž .N U C U . Now by Proposition 2.2 iii D C  covers thisG G N ŽU .G
factor and the lemma holds.
Ž .EXAMPLE 2.6. If the following groups are -CCP-groups, C  con-G
Ž . tains elements of order p and there is an S Syl G with S  S:p
Type of G p
Ž .A 2  3 : 2 21
2 Ž .B 2  5 : 4 22
2 2Ž .A 2  3 : Q 22 8
2Ž .D 2  3 : D 24 8
2Ž .A 3  2 : 3 31
Ž . Ž .Proof. Assume  acts nontrivially and let F F G . If C   1,F
  Ž .Ž .then F,   1 by 2.3 i , as otherwise F contains a nontrivial commuta-
Ž .tor with  which is conjugate in G to some nontrivial element of C  .F
   Now G,  , F  1 by the three subgroup lemma; thus G,   F, but F
 does not contain nontrivial commutators with  as seen, so G,   1 in
this case.
 4Therefore  acts fixed point freely on the set F 1 . If GAlt 4
22 : 3, thus  has order 3 and the lemma holds. In the other cases
2Ž . 2Ž .GO G and GO G contains a unique involution in its center. By
Ž .Ž . Ž .Proposition 2.2 iii C  contains an element covering this involutionG
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and the centralizer of this element is in all cases an -invariant Sylow
2-subgroup.
EXAMPLE 2.7. Let G be of type  or a dihedral group of order 2 n,4
n 2. If G is -CCP, then  is trivial.
² :Proof. If G is a dihedral group let T y be the cyclical normal
² : Ž .subgroup. Now  acts trivially on GT , so some x  C  covers thisG
  Ž .factor. If G  8, therefore C  contains a V of index 2 and someG 4
element covering the factor group of order 2; thus  is trivial.
If G is a dihedral group of order at least 16, there is an -invariant
Ž 2 .dihedral subgroup of index 2 generated by x and y on which  has to
act trivially by induction; therefore  is trivial.
 If G is of type  , there is some x  Alt , x,   1 as some-4 4 4
thing covers the characteristic factor of order 2. Now x and the normal V4
generate a dihedral group of order 8, on which  acts trivially as seen
Ž . Ž . Ž .above. By 2.6 applied to Alt now C  contains elements of order 34 G
and  is trivial.
3. THE MINIMAL COUNTEREXAMPLE, PART I
For the rest of this article let M be a minimal counterexample to
Theorem 1.1. In this section we show, using the classification of finite
simple groups, that M is a simple group of Lie type.
Ž . Ž .LEMMA 3.1. F M  1, M Soc M , and  acts transitiely on compo-
nents.
Ž .Ž .    Proof. By Proposition 2.2 ii we have M,   M,  ,  . Therefore
  Ž .M M,  by minimality. Furthermore F M  1 by minimality and
Ž .Ž . Ž .    Proposition 2.2 iii . Let C core H . As M, C,   1 C,  , MM
  Ž . Ž .  Ž . we have  , M, C  1; thus C Z M  F M  1. Now 1 E M , 
 Ž . M, as otherwise E M ,  would be a smaller counterexample. By
minimality now  acts transitively on the components.
LEMMA 3.2. M is simple.
Ž .Proof. By Lemma 2.4 M L  			 L and  acts transitively on1 n
Ž . n nthe factors; by Lemma 2.4 either   1 or n 1. Assume   1 and
n 1.
Let E L nonsolvable. Then E E 			 E n 1 is a smaller coun-1
terexample; thus E L and L is minimal simple. By the odd order1 1
 paper of Feit and Thompson 9 , now L is of even order. By the work on1
 N-groups of Thompson 21 , L contains a unique conjugacy class of1
involutions.
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 By the work of Brauer and Suzuki, 3 and a classical theorem of
Burnside now a Sylow-2-subgroup of L is neither a quaternion nor a1
cyclic group.
Therefore L contains commuting involutions i, j such that i, j and ij1
Ž . Ž .are conjugate. By 2.4 n is odd. In the notation of 2.4 let x
Ž .   Ž .i, j, . . . , i, j, 1 , so x,   i, ij, . . . , ij, ij, j which is conjugate to
Ž . Ž . Ž .Ž .i, i, . . . , i, i, i  C  . But this is a contradiction to Proposition 2.2 i ,M
so n 1.
We now show that M is neither alternating nor sporadic. Our strategy is
Ž .to show that C  contains a conjugate of  , mostly a nontrivial powerM
of  . We then use Corollary 1.3 to get a contradiction.
PROPOSITION 3.3. M is not Alt for n 7.n
Ž .Proof. As n 7 Aut Alt   . Let 1   , n 5. We show byn n n
induction over the number of orbits of  that there is a gAlt withn
 g  g Ž . ,   1 and   . Then, by Corollary 2.3 , the proposition holds.
Assume  acts transitively. Let e  with  e 1. If n is even,n
eAlt or  eAlt . If n is odd let f  with  f  2. Then one ofn n n
the elements e, f , ef is in Alt .n
 Ž .   Ž .   Ž . Assume now  
 with Move 
  0 Move  and Move 
 
g  g 5. Then Alt contains a g with 
  
 and 
 , 
  1 and theMoveŽ 
 .
same holds for  instead of 
. The same argument works, if  contains a
Ž .cycle of length 4. In the remaining cases w.l.o.g.  , n is one of the
following elements and g is as given.
 n g
Ž . Ž .Ž .1, 2, 3 5 1, 2 4, 5
Ž .Ž . Ž .1, 2 3, 4 5 1, 2, 3
Ž .Ž . Ž .Ž .1, 2 3, 4, 5 5 1, 2 4, 5
Ž .Ž .Ž . Ž .1, 2 3, 4 5, 6 6 1, 2, 3
Ž .Ž . Ž .Ž .1, 2, 3 4, 5, 6 6 1, 2 4, 5
Ž .Ž .Ž . Ž .1, 2 3, 4 5, 6, 7 7 1, 2, 3
 The remaining case  1 is no counterexample as M,   1 is solv-
able.
PROPOSITION 3.4. M is not a sporadic group.
² Ž . :Proof. Assume otherwise. Let H Inn M ,  . Now  is not an
Ž . hinvolution: Otherwise C  contains a 
 a with 
  for someH
Ž .hH by Glauberman’s Z* theorem. In fact w.l.o.g. h   Inn M asg
 Ž .  h  gotherwise h  for some gM as Out M  2 and    . Theng
h   Ž .  Ž . 1 
    ,   C  as Out M  2. But then 1g InnŽM .
  Ž . Ž .Ž .g,   C  , a contradiction to Proposition 2.2 i .M
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Let n be the order of  and let  the Eulerian -function. Then the
following holds:
² : Ž .Fact 1. All the generators of  fall into  n many conjugacy classes
i Ž j.h Ž . Ž .of H: Let hH with    , 0 i j n, i, n  1 j, n and
jk ik h Ž .   for some integer k. Then     . As either h Inn M
Ž . Ž . i k Ž .or h Inn M we may assume h Inn M . Then 1   C H
i k Ž  .h   Ž .and    1  h,   Inn M . Now h  for some gMg
  Ž . Ž .Ž .and 1 g,   C  which contradicts Proposition 2.2 iii .M
 We now look in the Atlas 7 for conjugacy classes of sporadic groups
Ž .which satisfy the following conditions: There are at least  n many of
Žthem, all corresponding to elements of order n, their sizes or the orders
.of a centralizer of one element are the same, and all of them lie in the
Ž .same Inn M -coset. We give here the list of all these conjugacy classes and
by Fact 1,  is an element of one of these conjugacy classes.
² : M  -classes Power map
1 M 4A,4B A,A12
2 M 6A,6B AA,BB24
3 Suz 6B,6C BA,BA
4 Suz 6H,6I CC,CD
5 Co 4E,4F B,B2
6 Fi 6F,6G AC,BC22
7 Fi 6S,6T DD,DE22
8 Co 6C,6D BA,CA1
9 Co 12HIJK DC,EC,ED,FB1
10 J 6B,6C AA,AB4
11 Fi 6G,6H DA,DB24
Ž .Note that in each case there are exactly  n many conjugacy classes
given.
First assume that  is an element of one of the classes listed in cases 2,
² : Ž .4, 6, 7, 8, 9, 10 or 11. Then the generators of  do not fall into  n
many different conjugacy classes of H, contradicting Fact 1:
In each of these cases there are conjugacy classes x H  y H among the
² : ² :given ones, such that x and y contain nonconjugate subgroups which
 follows from the power map given in the Atlas 7 . So x cannot be
conjugate to a power of y and vice versa, contradicting Fact 1 and the note
above. So in the remaining cases M is of type M , Suz, or Co and12 2
² : Ž .  C  contains an involution i of type 2A,2A resp. 2B. ThenH
Ž . 14 16 Ž . Ž 16 4.C C i is of type 2  , 2 U 2 resp. 2  2 Alt . If  hasH 3  4 8
Ž . Ž .order 4,  acts trivially on O C : Otherwise D C  is a proper2 O ŽC .2
CONJUGACY CLASS AS A TRANSVERSAL 377
Ž .subgroup of O C . But  centralizes something in the nontrivial factor2
Ž . Ž .Ž .group N D D. By Proposition 2.2 iii this is covered by somethingO ŽC .2
Ž .in C  , contradicting the definition of D. Now  centralizes a Sylow-2-C
Ž .  subgroup of C. By 2.5 we have C,   1.
Ž .In the case Suz now S CO C is nonabelian simple and therefore2
Ž . Ž .centralized by  . As O C Z C is an absolute irreducible S-module, 2
Ž .has to act trivially on O C as it centralizes S. So also in this case2
 C,   1. But C contains an involution j i conjugate to i by the Z*
 Ž . theorem of Glauberman. Now C j ,   1 by the same arguments asM
² Ž .:for C, but M C, C j as C is a maximal subgroup of M by the AtlasM
   7 ; therefore M,   1, a contradiction to the order of  .
4. SEMISIMPLE ELEMENTS IN GROUPS OF LIE TYPE
This section consists mostly of technical lemmata used to prove Proposi-
Ž .tion 4.1 , which will be needed in the last paragraph to get some informa-
 Ž . tion over the primes dividing C  in our minimal counterexample.M
However, we do not need our automorphism  nor any facts about
Ž .-CCP-groups. So Proposition 4.1 can be seen as an independent result
about simple groups of Lie type.
Ž .Let Lie p consist of all groups of Lie type in characteristic p as defined
in the preface.
PROPOSITION 4.1. Let G be a finite simple group of Lie type in characteris-
tic p and let xG of order r, r an odd prime, r p. Then one of the
following cases holds:
Ž . Ž .i Aut x  1.G
pŽ . Ž Ž .. Ž .ii 1O C x is in Lie p .G
Ž . Ž Ž ..iii N C x contains a characteristic subgroup of index 2.G G
ˆDuring this paragraph let G be a simply connected simple algebraic
Ž .group of Lie type, defined over the algebraic closure of GF p , and let F
ˆ ˆF ˆ Ž . 4be a Frobenius map of G, such that G  x : xG 
 F x  x is a
Fˆ Ž .central extension of G. Set GG and identify G with GZ G .
Remark. Let x be an element of the preimage of x. By a theorem of
Ž . Ž .Steinberg now C x is connected and either C x is a maximal torusˆ ˆG G
Ž . Ž . Ž .Fand x is regular or C x contains elements of order p, C x  C x ,ˆG G G
pŽ Ž ..and O C x is a central product of groups of Lie type in characteristicG
Ž . Ž . Ž .p. As Z G is coprime to p, case ii of 4.1 holds in this case.
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2LEMMA 4.2. Let G be of type A , B , n 2, B , C , n 3, D , n 2,1 n 2 n 2 n
2 2 2 Ž .D , n 2, E , E , F , F , G , or G . Then case i holds.2 n 7 8 4 4 2 2
ˆProof. Let xG be semisimple and let T be an F-stable maximal
ˆ ˆ ˆŽ .torus of G containing x. Define WN T T to be the Weyl group ofGˆ
Gˆ. Now W has a unique involution z in its center, which is therefore fixed
by F. Now z acts on Y, the lattice generated by the co-roots, as 1. By 4,
ˆF Ž .Proposition 3.2.2 T is W-isomorphic to Y F 1 Y. Thus each element
Fˆ ˆz in the preimage of z inverts T . Now the coset Tz is F-stable and by the
LangSteinberg theorem contains a fixed point z . Thus z G inverts x1 1
Ž .and Aut x  1.G
ˆ Ž .LEMMA 4.3. Let xG be regular semisimple. Then T C x is non-Gˆ
  Ž Ž .. Ž .degenerated in the sense of 4, Proposition 3.6.1 and N C x C x isG G G
Ž .  isomorphic to C w , as defined in 4, Sect. 3.3 .W , F
ˆ ˆFŽ .Proof. As G is simply connected, C x  T is connected. Now x TGˆ
ˆ ˆand T is the only maximal torus containing x. Thus T is the only maximal
ˆF ˆtorus containing T and therefore T is nondegenerated.
Ž .DEFINITION 4.4. Let r be a prime. Define d r  0 if r 2 or r pq
 i 4 Ž . Ž .and min i 0 : r 
 q  1 otherwise. Define l q, r as 2 if d r is evenq
Ž .and as d r otherwise.q
2Ž . Ž . Ž .DEFINITION 4.5. Let G be of type A q , n 1, A q , n 1, D q ,n n n
2 ˙  Ž . Ž . Ž . Ž . Ž .n 1, or D q , n 1. Let G SL q , SU q ,  q resp.  qn n1 n1 2 n 2 n
˙ ˙ ˙Ž .such that GZ G G. Let V be the natural G-module and let K
Ž 2 . Ž .GF q in the unitary case and KGF q otherwise. Let r be a prime
Ž .with d d r  0.K 
˙Ž .LEMMA 4.6. Assume 4.5 . Let xG be of order r. Then V admits a˙
Ždecomposition VU V  			  V for a triial bilinear form in the1 k
. Ž .linear case where U C x and the V , i 0 are nondegenerated x-in-V i
ariant subspaces. The V are either of dimension d and x acts irreducibly oni
V or V are of dimension 2 d and V  X  Y with X , Y x-irreducible andi i i i i i i
totally singular.
Proof. This is a basic result of representation theory.
Ž .LEMMA 4.7. Assume 4.5 . Let xG of order r, let d 1 in the linear
Ž . Ž .and unitary case, and let d 2 in the orthogonal case. Then case i of 4.1
holds.
˙Proof. Let xG be of order r in the preimage of x. We claim d˙
 Ž .  Ž .  Ž . divides Aut x in the linear and unitary case and l q, r divides Aut x˙ ˙˙ ˙G G
Ž .in the orthogonal case. Therefore Aut x  1.G
Ž .Assume x, G is a counterexample and V is of minimal dimension.
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Ž . Ž .Let U, V , X , Y as in 4.6 . As U C x is nondegenerated we mayi i i V
Žassume U 0 by minimality. In the orthogonal case the V of dimensioni
d are of minus type, and those of dimension 2 d are of plus type; thus U is
.of even dimension. Further k 1 by minimality. In the linear case x acts˙
Ž . Ž n1 . Ž .irreducibly on V, so by Schur’s lemma C x has order q  1  q 1˙G˙
Ž .which corresponds to a maximal torus T of type A in G. Now by 4.3n
Ž Ž .. Ž .N C T C T is cyclical of order n 1; therefore d n 1 dividesG G G
Ž .Aut x .˙G˙
In the unitary case assume first that x acts irreducibly on V. Then
2 ˙ ˙Ž .  d n 1 and as  q divides G now n 1 is odd. Now G containsn1
˙ n1Ž . Ž .a cyclical self-centralizing subgroup C of order q  1  q 1 , which
contains a Sylow-r-subgroup by the group order formula. By Sylow’s
˙ ˙ ˙Ž .theorem we may assume x C and now C C x . As C corresponds to˙ ˙G˙
 Ž . Ž .  Ž .a maximal torus TG of type A , N T C T  n 1 by 4.3 .n G G
Assume now V X Y with X, Y x-invariant and totally singular. Now
Ž . Ž 2 . Ž .Stab X Y induces a GL q on X and Y and n 1 2 dŽn1.2
 Ž . divides Aut x as seen in the linear case.˙G˙
˙Now let G be an orthogonal group. If x acts irreducibly on V, V is of
˙Ž .   Ž .minus type as  q divides G . If n is even we have l q, r  2 and 2n
˙ ˙ Ž .  Ž . Ž .divides Aut x by 4.2 . If n is odd, G contains a subgroup UGU q˙G˙ n
which w.l.o.g. contains x by Sylow’s theorem. As seen in the unitary case
Ž .now n d2 divides Aut x , as V restricted to U may be identified with˙G˙
Ž 2 .the natural unitary module over GF q .
˙If V X Y with X, Y totally singular x-invariant, G is of plus type as
the Witt index has order n. Now the stabilizer of this decomposition
Ž . Ž .induces a GL q on X and Y. As l q, r divides d and n d dividesn
Ž .Aut x by the linear case, the lemma holds.˙G˙
Ž .LEMMA 4.8. Assume 4.5 . Let xG be of order r, d 1, or d 2 in
˙Ž .  Ž . the orthogonal case. Then 4.1 holds. If r diides Z G in the linear or
Ž . Ž . Ž .unitary case, then i or ii of 4.1 holds.
˙Proof. Assume this is false and let xG in the preimage of x.˙
Ž .Assume first that x is of order r. Let U, V , X , Y as in 4.6 .˙ i i i
In the unitary case let r divide q 1. Then the V are of dimension 2i
˙Ž . Ž .and x 
 is inverted in SU V  SL q . Thus x is inverted in G and case˙ ˙V i 2i
Ž . Ž .i of 4.1 holds.
Now let r divide q 1 in the linear case and let r divide q 1 in the
unitary case. So the V correspond to the nontrivial eigenvalues of x and U˙i
is the eigenspace of the eigenvalue 1. If one of these eigenvalues has
˙Ž . Ž .multiplicity greater than one, case ii of 4.1 holds, as G induces the full
linear resp. unitary group on the corresponding eigenspace. Therefore all
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Ž . Ž .neigenspaces are of dimension one, so C x is a group of order q 1˙G˙
Ž .n Ž .resp. q 1 corresponding to a maximally split torus in G. By 4.3 now
˙Ž . Ž .  Ž . case iii of 4.1 holds, if r does not divide Z G . If r divides n 1, then
r n 1 as all eigenvalues have multiplicity one and so x and x1 have˙ ˙
Ž . Ž .the same eigenvalues. Therefore case i of 4.1 holds. Assume now V is
orthogonal. Then U 0 as otherwise U contains an anisotropic point P
˙ ˙Ž . Ž . Ž .and x Stab P  S. But S is isomorphic to O q resp. Sp q ,2 n1 2 n2
˙ Ž . Ž .depending on q odd or even, so x is inverted in S by 4.2 and case i of
Ž .4.1 holds.
Now the V are of dimension 2, which is clear if r 
 q 1. If r 
 q 1i
 Ž . Ž .and V are of type O , x 
 centralizes a SU q  SL q and therefore˙i 4 V 2 2i
Ž . Ž . Ž .ncase ii of 4.1 holds. Now x is contained in a subgroup of order q 1˙
Ž .nor q 1 , depending on r 
 q 1 or r 
 q 1. Let xG correspond to
˙ Ž . Ž .xG. Then either x is not regular and case ii of 4.1 holds or x is˙
Ž . Ž . Ž . Ž .regular and C x is maximally split and so iii of 4.1 holds by 4.3 .G
Assume now that x cannot be chosen of order r. Then x may be chosen of˙ ˙
l ˙ r Ž .order r  r, r divides n 1, G is linear or unitary, and x   Id V with˙
 K. Assume first that r l 
 q 1 resp. r l 
 q 1 in the linear resp.
unitary case. Then V admits a decomposition as an orthogonal sum of the
eigenspaces as above and all the eigenspaces have multiplicity one as
Ž . Ž . Ž .otherwise ii of 4.1 would hold as above. Now r n 1, but det x  
 1 as the eigenvalues are exactly the solutions of the equation y r  as
r ˙Ž .x  Z G .˙
Assume now that r l does not divide q 1 resp. q 1, but r l1 divides
r ˙Ž . Ž . Ž . Ž . Ž .q 1 resp. q 1 as x   Id V  Z G . Then the polynomial p y˙
 y r  is irreducible over K , as it has no solutions in K and fully splits
 r L  1Ž   .over LGF K . It has solutions in L as r 
 and splits fully as K K  1
 and L contain the r th roots of unity. As L : K  r is prime, it is
irreducible.
Let W be any x-irreducible subspace of V and let 1 wW. Then the˙
x˙ x˙ r1vectors w, w , . . . , w form a basis of W as W and p are irreducible and
r Ž .x fixes no nontrivial vector as x   Id V fixes no nontrivial vector. Note˙ ˙
Ž . Ž .that det x 
   1 as it is the product of all solutions of p y  0.˙ W
Consider now the unitary case: W	W W or 0 as W is irreducible.
If W	W W, there is a totally singular x-invariant submodule X V
with W X nondegenerated. As the action on X is dual to the action on
Ž .W we have det x 
  1 , a contradiction. So all the x-irreducible˙ X
submodules are nondegenerated. Let now VW W  			W be a1 2 k
decomposition of W into x-irreducible submodules in the linear and
Ž .unitary case. Now k 1 as det x  1. As now the action on all W ’s is the˙ i
² : Ž . ² : Ž .same, we find x in a subgroup x SL q resp. x SU q with tensork k
Ž . Ž .product action and therefore case ii of 4.1 holds.
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i n N Casesi i
6 Ž . Ž .1  A q  A q r 3, 51 1 5
6q 1Ž .
6 3 Ž .1  3 W E r 31 63
6 Ž . Ž .1  5 A q  A q r 51 1 5
4 Ž .2  F q r 32 4
4 2 Ž .2  3 F q r 32 4
3 Ž . Ž . Ž .3  A q  A q  A q3 2 2 2
2 Ž .4  F q4 4
Ž . Ž .5  D q  q 15 5
2 Ž .6  F q6 4
Ž .8  F q8 4
3Ž .9  A q9 2
Ž .12  F q12 4
2Ž . Ž . Ž .LEMMA 4.9. Assume G is of type E q or E q . Then 4.1 holds.6 6
  Ž .Proof. The r-part of G divides n if d r  i, where n is defined. Ai q i
Sylow-r-subgroup of G is contained in a subgroup M of isomorphism typei
N and w.l.o.g. xM .i i
2 Ž .In case E q these are the n ’s and M ’s:6 i i
The n can be calculated from the group order. The existence of thei
  Ž .  Ž .subgroups of type N follows from 16 for types F , A q  A q ,i 4 1 5
 Ž . Ž .  D q  q  and from 6 for the other types.5
Ž . Ž .If M is of type F q the statement holds by 4.2 . If M is of typei 4 i
Ž . Ž . 2 Ž . Ž . Ž 3. 2 Ž 3. Ž . Ž . Ž .D q  q 1 , D q  q 1 , A q , A q , A q  A q  A q , or5 5 2 2 2 2 2
2 Ž . 2 Ž . 2 Ž . Ž . Ž . Ž .A q  A q  A q , case i of 4.1 holds by 4.5 . Now r 
 q 1 in case2 2 2
Ž . 2 Ž .E q and r 
 q 1 in case E q . If r 3, 5 the r-part of G is the r-part6 6
i n M Casesi i
4 Ž .1  F q r 31 4
4 2 Ž .1  3 F q r 31 4
26 Ž . Ž .2  A q  A q r 3, 52 1 5
6q 1Ž .
6 3 Ž .2  3 W E r 32 63
26 Ž . Ž .2  5 A q  A q r 52 1 5
2 Ž .3  F q3 4
2 Ž .4  F q4 4
2 Ž . Ž .10  D q  q 110 5
2 2 23 Ž . Ž . Ž .6  A q  A q  A q6 2 2 2
Ž .8  F q8 4
2 3Ž .18  A q18 2
Ž .12  F q12 4
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Ž . Ž .of a maximal split torus. Then either x is regular and case iii of 4.1
Ž . Ž .holds by 4.3 or x is not regular and so case ii of G holds.
If r 5 and r 
 q 1 resp. q 1, a Sylow-5-subgroup is contained in a
Ž . Ž . Ž . 2 Ž .subgroup M of type A q  A q resp. A q  A q . Now x cannot be1 5 1 5
Ž .regular: Let E M  C C be the product of its components and C be of1 2 1
Ž .type A q . Then x x x with x  C . Now x cannot be regular in C1 1 2 i i 2 2
as x can have only five different eigenvalues but the dimension of the2
Ž . Ž .corresponding vector space is 6. Therefore case ii of 4.1 holds.
Ž .So now r 3 divides q 1 resp. q 1 and Z G  1. We claim that x
Ž . Ž .cannot be regular, so case ii of 4.1 holds:
ˆFOtherwise x is contained in some T T for some F-stable maximal
ˆ  torus T. By 4 the G-classes of F-stable maximal tori correspond to the
ˆFŽ .  F-conjugacy classes of W G and the orders of T are given in 5 for G
Ž . 2 Ž .of type E q . The orders for G of type E q are obtained from those for6 6
Ž .  E q by replacing q with q by 19 . If T is contained in a subgroup6
Ž . Ž . Ž .U A q  A q , U does not contain regular elements x with o x  31 5
Ž . Ž . Ž .by 4.8 . The remaining tori are of type D , D a , D , D a , 3 A , E ,4 4 1 5 5 1 2 6
Ž . Ž .E a , or E a . In the first four cases T can be found in a subgroup of6 1 6 2
2Ž . Ž . Ž . Ž . Ž .type D q  q 1 resp. D q  q 1 . Now an element x with o x 5 5
3 lying in these tori cannot be regular. In the last three cases 9 does not
    Ž 2 .3divide T , so finally T is of type 3 A and T is q  q 1 resp.2
Ž 2 .3 Ž . 12 Ž .q  q 1 . If x is regular, NN T T is of type 3 SL 3 byG 2
Ž . Ž . 3 Ž .4.3 . Now O T is elementary abelian of order 3 and contains Z G . N3
Ž .cannot act faithfully on O T , as N cannot be embedded into a point3
Ž . 2 Ž .stabilizer of GL 3 of type 3 2 ; therefore T C x , contradicting3 4 G
regularity of x and simple connectedness of G.
5. THE MINIMAL COUNTEREXAMPLE, PART II
In this section we prove Theorem C, continuing at the end of Section 3.
By the classification of finite simple groups now M is a group of Lie type.
Ž .Let p be the characteristic of M, H C  and let  be the set of allM H
 primes dividing H .
LEMMA 5.1. Let AM with A A. Let B A, such that AB
Ž .Lie p . Then the following hold:
Ž . Ž .i C  contains elements of order p.AB
Ž .ii AB contains an -inariant Sylow-p-subgroup.
pŽ . Ž .Proof. Let C  AB, C O C , D C Z C . D is a direct1 2 1 2 2
product of groups of Lie type in characteristic p, generated by its elements
of order p.
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Ž . Ž .If C  contains elements of order p then so does C  byD AB
Ž .Ž .Proposition 2.2 iii . If D contains an -invariant Sylow-p-subgroup P
then so does AB as the preimage of P in AB contains a unique
Sylow-p-subgroup.
Ž . Ž . Ž .Let E  E D , F C E , E C F . F is the direct product of all1 D 1 D
Ž .solvable groups of Lie type and Z F  1 by definition of D. E is the
Ž .product of all nonsolvable factors and E  F* E . As M is a minimal1
counterexample  is trivial on E and on E. So if F 1 the lemma holds.1
Assume F 1; thus p 2 or p 3. First let p 2, so F L 			 L1 k
Ž . 2 Ž .with L of one of the following types: T  A 2  3 : 2, T  B 2 i 1 1 2 2
2 Ž . 2 Ž . 25 : 4, T  A 2  3 : Q , T D 2  3 : D . Now  acts on these3 2 8 4 2 8
factors by permutation:
Let x L be an involution if L is of type T and an element ofj j 1
² Ž Ž² :..F: order 4 otherwise. Then L  O N x . Let x  y 			 y withi 2 F 1 k
 Ž .   Ž  .  k  Ž . y  L . As F : C x  F : C x Ł L : C y all but one y arei i F F i1 i L i ii
 ² Ž Ž² :..F:1. Thus L  O N x is a direct factor.i 2 F
Now let F be the product of all factors L of type T . As shown i j i
Ž . Ž . Ž .permutes the factors of F i 1, 2, 3, 4 . By 2.4 and 2.6 now each of thei
F ’s contains an -invariant Sylow-2-subgroup and centralizes involutions.i
Ž .So F and D contain an -invariant Sylow-2-subgroup and C  containsD
involutions.
Finally let p 3 so F is a direct product of groups of type Alt  22 : 3.4
A similar argument as in the case p 2 shows that  permutes the direct
factors. Now F and therefore D contain an -invariant Sylow-3-subgroup
Ž . Ž . Ž .and C  contains elements of order 3 by 2.4 and 2.6 .F
LEMMA 5.2. If 2  , then p  or M is of type A .H H 1
Proof. We may assume p 2. Let iH be an involution. The iso-
Ž .  morphism type of C i is listed in 12 for all groups of Lie type with pM
pŽ Ž .. Ž . Ž .odd. It turns out that O C i  Lie p if M is not of type A . By 5.1M 1
now the lemma holds.
Ž . Ž .LEMMA 5.3. Assume p  . Then there is a P Syl M , BN PH p M
such that B B.
Ž . Ž . Ž Ž ..Proof. Let xH, o x  p. Set N  C x and N N O N .0 M i1 M p i
As M is finite the chain N ends in a stationary subgroup PN N .i k k1
 By a theorem of Borel and Tits 2 the group P is a parabolic subgroup of
 Ž . Ž .M. By construction P  P, so assume O P  Syl M .p p
pŽ Ž .. Ž . Ž .Let LO PO P , so L Lie p . By 5.1 L contains an invari-p
ant Sylow-p-subgroup and so does M.
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LEMMA 5.4. Assume p  . Let B be the -stable Borel subgroup fromH
Ž . Ž . Ž .5.3 . Then either  fixes all oergroups of B or M is one of A q , B q ,2 2
Ž .G q and  interchanges the maximal parabolics containing B.2
Proof. Assume otherwise. Then  induces a graph automorphism on
Ž .the Dynkin diagram  corresponding to M. So M is one of A q , n 1,n
Ž . Ž . Ž . Ž . fB q , q even, D q , n 3, E q , or G q , q 3 . Let P B be a2 n 6 2
parabolic of M corresponding to all but the ending nodes of  if M is of
type A , n 3 or E , to all ending nodes if M is of type A or D , and ton 6 3 4
a subdiagram of type D if M is of type D , m 4.4 m
p, pŽ Ž . Ž .  Let LO PO P . If L E L , L,   1 by minimality of M,p
contradicting the action of  on .
Ž . Ž . Ž .So L contains solvable factors and M is of type A 2 , A 3 , D 2 , or3 3 4
Ž . Ž . Ž . Ž . Ž .D 3 . Case A 2 contradicts 2.4 and 2.6 . Assume M A 3 . Then P4 3 3
4 Ž .has structure 3 : 2. Alt Alt .2 and  normalizes a section S of type4 4
Ž Ž . Ž .. 2Ž . Ž .PSL 3  PSL 3 .2. As  is trivial on SO S there is an x C 2 2 S
Ž .Ž . 2Ž .by Proposition 2.2 iii which covers this factor. Elements in SO S
Ž . Ž . Ž .induce a diagonal automorphism on S; thus C C x  C x C x ,O ŽS . N N2 1 2
where N , N are the factors of S of type Alt which are interchanged by1 2 4
 . Thus  induces an automorphism of order 2 on C, contradicting
Ž .Ž . Ž .Proposition 2.2 i as C is an -CCP-group. So let M be of type D q ,4
q 2, 3. If  has order 2 let P B be the maximal parabolic correspond-
ing to all nodes except the ending node fixed by  . As above we get a
contradiction. So  induces a symmetry of order 3 on . Let P corre-
3Ž Ž .. Ž .spond to all ending nodes. Let LO PO P and let L LZ L .p
Then  acts on a direct product of three groups of type Alt by permuting4
Ž . Ž .the factors transitively. This contradicts 2.4 and 2.6 .
18 Ž . Ž .If q 2, P has structure 2 .      . Set P PO P and3 3 3 2
Ž . Ž . Ž .assume  permutes the  ’s transitively. By 2.4 and 2.6 then C  is3 P
not divisible by 3 but contains involutions and an -invariant Sylow-2-sub-
Ž . Ž .group S. Let S be the full preimage of S. Set Z Z S , Z Z Z SZ ,2
Ž . Ž .  and OO P . Now Z is of order 2, so Z C  , Z : Z  2, so2 M 2
Ž .   Ž .Z  C  . Also O : S  2, so C  covers this factor. Finally C2 M S P
Ž . 4contains involutions, so C  contains a 2-group of order at least 2 . AsM
 acts transitively on the factors of P,  lies in a coset of a triality. Now
  Ž . Ž .by 7  
 
 , where 
 is of Atlas class 3F a triality and o  is
Ž . Ž .not divisible by 3. Thus C 
 U 3 : 2 is -invariant. By minimality ofM 3
Ž . Ž . Ž .M we have C 
  C  and so  
. But now C  is divisible byM M P
3, a contradiction.
LEMMA 5.5. Assume p  and  fixes all oergroups of an -stableH
Ž .Borel subgroup B. Then either C  acts transitiely on flags of the p-localM
2 Ž .geometry defined for M, the Lie rank of M is one, or M is one of A 2 ,3
2 Ž . Ž . Ž . 3 Ž . 2 Ž . Ž .A 2 , B 2 , B 3 , D 3 , F 2 , or G 2 .4 2 2 4 4 2
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Proof. For each Lie group M let P and P be the maximal parabolics1 2
containing B of type given below:
Type of M Type of P Type of P1 2
Ž . Ž . Ž .A q , n 1 A q A qn n1 n1
2 2 2Ž . Ž . Ž .A q , n 1 A q A q2 n 2 n2 n1
2 2 2Ž . Ž . Ž .A q , n 0 A q A q2 n1 2 n1 n
Ž . Ž . Ž .B q , n 1 B q A qn n1 n1
Ž . Ž . Ž .C q , n 2 C q A qn n1 n1
Ž . Ž . Ž .D q , n 3 D q A qn n1 n1
2 2Ž . Ž . Ž .D q , n 3 D q A qn n1 n2
3 3Ž . Ž . Ž .D q A q A q4 1 1
Ž . Ž . Ž .E q D q A q6 5 5
2 2 2Ž . Ž . Ž .E q D q A q6 4 5
Ž . Ž . Ž .E q E q A q7 6 6
Ž . Ž . Ž .E q E q A q8 7 7
Ž . Ž . Ž .F q B q C q4 3 3
2 2Ž . Ž . Ž .F q B q A q4 2 1
Ž . Ž . Ž .G q A q A q2 1 1
Ž .We claim that C  acts transitively on flags containing E . ThisP ii
Ž . pŽ Ž .. Ž .follows if P  BC  . Set L O PO P . If E L  1 we have ini P i i p i ii
Ž . Ž .  Ž . fact F* L  E L and by minimality of M therefore F* L ,   1;i i i
  Ž .Ž . Ž .thus L ,   1. By Proposition 2.2 iii now C  covers this factori Pi
Ž . Ž .group, so P  BC  . So let E P  1 which means that P is one ofi P i ii
Ž . Ž . 2 Ž . 2 Ž .the following groups: A 2 , A 3 , A 2 , or B 2 . Then M is either an1 1 2 2
Ž . Ž .exception of the lemma or M is one of the following groups: A 2 , A 3 ,2 2
2 Ž . 3 Ž . Ž . 3 Ž .  A 3 , D 2 , or G 3 . First let M D 2 . By 7 the involved parabolic3 4 2 4
2  9  Ž . Ž .has structure 2 . 2 : A 2 in Atlas notation. Note that the factor A 21 1
acts faithfully on the normal subgroup N of order 4. By assumption we
 Ž .have P  P . So let x C  be an element which covers the factor1 1 Pi2Ž .  Ž .  Ž .P O P . Now C x  2 and both C x and N are -invariant; thus1 1 N N
   N,   1. Now by the three subgroup lemma we get P ,  , N  11
  Ž . Ž .which means P ,  O P  B; thus P  BC  in this case too.1 2 1 1 Pi In the other cases we see by 7 that all the involved parabolics contain a
Ž .characteristic subgroup U with PU  and U B. Now by 2.7i 4
  Ž .PU,   1 and therefore P  BC  .i i Pi
 4Now flag transitivity follows from the existence of a i, j -path between
any two flags.
LEMMA 5.6. If 2  or p  then one of the following holds:H H
Ž .i The Lie rank of M is 1.
Ž . Ž . Ž . Ž .ii M A q , B q , or G q and  interchanges two maximal2 2 2
parabolics and fixes their common Borel subgroup.
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Ž . 2 Ž . 2 Ž . Ž . Ž . 3 Ž . 2 Ž . Ž .iii M A 2 , A 2 , B 2 , B 3 , D 3 , F 2 , or G 2 .3 4 2 2 4 4 2
Proof. Assume that the Lie rank of M is greater than one and 2 H
Ž . Ž .or p  . By 5.2 we may assume that p  . By 5.3 we get a BorelH H
 Ž . Ž .subgroup B with B  B. By 5.4 M is either one of the exceptions ii or
Ž . fixes all overgroups of B. So we can apply 5.5 and M is either one of
Ž .the exceptions iii or H acts flag transitively on M. Now the main theorem
 of 18 gives all flag transitive subgroups of the finite simple groups of Lie
 type. Thus either HM, contradicting M,  M, or M possesses a
Ž .proper subgroup F acting flag transitively on the building and M, F 
Ž Ž . Ž 3. . Ž Ž . 4 Ž .. Ž Ž . . Ž .A q , A q .3 , B 3 , 2 : A 4 , or A 2 , Alt . But C  is not2 0 2 1 3 7 M
contained in such a subgroup in the first case. The second case is excluded
Ž . Ž .by iii and the third case contradicts 3.3 .
2 Ž .LEMMA 5.7. 2  or p  or M F 2 .H H 4
 Proof. By 17   as finite simple groups do not possess fixedH
point free automorphisms. Let xH be of prime order r and assume
Ž . Ž .r 2, p. So x is semisimple of odd order and by 4.1 one of the cases i ,
Ž . Ž . Ž . pŽ Ž ..ii , or iii holds. If case ii holds, O C x is a central product ofM
Ž .groups of Lie type, which is -invariant. Now by 5.1 p  .H
Ž .If iii holds,  acts trivially on a factor group of order 2; therefore
Ž . Ž² :. Ž² :.2  . If finally case i holds,  acts trivially on Aut x as Aut xH M
 Ž² :.  Ž .is abelian. If s divides Aut x then s  by 2.5 and we canM H
Ž .repeat this process with an element y C  of order s. As s r thisM
process terminates and the lemma is proved.
Ž . Ž .LEMMA 5.8. M is none of the following groups: A q , q 3, A q ,1 2
2 Ž . Ž . 2 Ž . Ž . 2 Ž .A q , q 2, B q , q 2, B q , q 2, G q , q 3, G q , q 3.2 2 2 2 2
Ž .Proof. Let xH be of prime order r. By 5.7 we may assume r 2
Ž . Ž .or r p. If p  let P Syl M be -invariant as given in 5.3 .H p
Ž .We show now 2  or the lemma holds : Otherwise p is odd. IfH
Ž . 2 Ž . 2 Ž . Ž . Ž . Ž .M A q , 4 
 q 1, A q , G q , A q , B q , or G q , p 3, then1 2 2 2 2 2
Ž . Ž Ž ..N P C Z P is cyclic of even order; therefore  acts trivially on aM M
Ž .Ž .subgroup of index 2 and 2  by Proposition 2.2 iii .H
Ž . Ž .If M A q , 4 
 q 1, N P does not contain involutions, so no1 M
element of order p is conjugate to its inverse and all subgroups of order p
  Ž .Ž .are conjugate in M. Thus P,   1 by Proposition 2.2 i and now
Ž . Ž .N P H by 2.5 . As H contains now semisimple elements, which areM
Ž .inverted in M, 2  and therefore HM .H
Ž .So MG q and p 3. If H contains semisimple elements, then2
Ž .2  as all semisimple elements are inverted by 4.2 . If  does notH
Ž .interchange the maximal parabolics P , P containing N P , then  acts1 2 M
Ž .trivially on PO P by minimality of M. So in this case 2  byi 3 i H
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Ž .Ž .Proposition 2.2 iii . So assume otherwise. Now there are exactly three
subgroups of order q6.2 containing P, one normal in P and another one1
normal in P , and both P contain exactly one such normal subgroup. Thus2 i
 has to interchange these two and fix the third. Now 2  byH
Ž .Ž .Proposition 2.2 iii .
If now p is odd, we show HM, a contradiction: Let iH be an
Ž . 2 Ž . 2 Ž . Ž . Ž .involution and C C i . In the cases A q , G q , A q , B q , orM 2 2 2 2
Ž .  Ž .   2 Ž . Ž . G q we have E C ,   1 by minimality of M and O C : E C  2,2
so  fixes each involution of C. As the commuting graph of involutions is
connected we have HM, a contradiction.
Ž . Ž . fIf M A q we show that H A q with q q for some integer f :1 1 0 0
Ž .Let iH be an involution and C C i . Assume first that 8 does notM
  2Ž .  divide M . Now either  acts trivially CO C or C  4 in case q 5.
Ž .In both cases now H contains a V . By 2.5 now H contains an element x4
² :of order 3 and an involution j inverting x. By Dixon now i, x, j is either
Ž .of type A q or of type Alt and H contains elements of order 5. If all1 0 5
elements of order 2, 3, and 5 are semisimple, M contains elements of
order 6, 10, or 15, as there are only two classes of maximal tori. Now H
Ž .Ž .contains also such elements by Proposition 2.2 i and H is of type
Ž . Ž .A q . If p 5, subgroups of type Alt are of type A q . If p 3 and 81 0 5 1 0
   does not divide M , then 5 does also not divide M .
  2Ž .If 8 does divide M ,  is trivial on CO C and there is some
involution jH commuting with i. Now C contains an -invariant
Ž .Sylow-2-subgroup on which  acts trivially by 2.7 . So H contains a
Sylow-2-subgroup of M, for each involution iH is a wH with w2 i
Ž .and w is inverted in H by some element. Thus H has to be of type A q1 0
by Dixon. If 4 
 q 1 now H contains elements of order p and we are
done as above. In the other case f is odd as H contains a Sylow-2-sub-
Ž .group of M. Let P be an -invariant Sylow-p-subgroup; then P C P
  P,  and the p-elements of these subspaces fall into different M-con-
Ž .Ž . Ž .jugacy classes by Proposition 2.2 i . Let Aut M be an automor-
phism fixing P but interchanging the two conjugacy classes of p-elements.
Ž . Ž . Ž .  As H A q now C  is of GF q -dimension 1 and P,  is of1 0 P 0
Ž .    GF q -dimension f 1. If now f 1 we have P,  	 P,   1, a0
Ž .Ž .contradiction to Proposition 2.2 i . If f 1 we have HM.
Now let q be even. Apart from the symplectic case all involutions of
Ž . Ž . Ž .Z P are conjugate in M, so Z P H. By 2.5 now H contains elements
 Ž .  Ž .y of order Z P  1. These are inverted in M, so also in H by 2.5 . So
Ž . 2 Ž .   Ž² :.in case A q and B q we get M,   1 as N y is a maximal1 2 M
subgroup.
In the unitary case let KH be a subgroup of order q 1 normalizing
q 1Ž . Ž . Ž .Z P and L C K of order . Now C L  LS with S of typeM Mq 1, 3Ž .
Ž . Ž . Ž .A q , so SH by minimality of M. Set P PZ P and Q: P Z P1
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Ž Ž .. 2defined by Q xZ P  x , so Q is a well defined nondegenerate quadratic
Ž Ž ..form on P of minus type. Let 
 C Z P . Then 
 acts on P andAutŽM .
Ž 
 . 
 Ž 2 . 2 Ž . Ž .Q x  x x
 
 x  x Q x , so 
 induces an element of O q2
Ž . q 1 : 2 on P. If  acts now on L nontrivially, it has to act on P as
Ž .Ž .  an involution, contradicting Proposition 2.2 i . Therefore LS,   1,
but LS contains a subgroup L  L which is conjugate to L. So1
 Ž .   C L ,   1 and M,   1.M 1
In the rank 2 cases now  interchanges the two maximal parabolics P ,1
Ž .Ž . Ž .P containing an -invariant Borel subgroup by 5.6 ii . Let Q O P .2 i 2 i
Each involution of P is contained either in Q or in Q in both the linear1 2
and the symplectic case.
Ž .  In the linear case let j A Z P . Then 1 j,  has order 4 as
 otherwise j,  is conjugate to some involution of H, contradicting
Ž .Ž .   Ž  .Ž  . Ž  .2Ž  2 .Proposition 2.2 i . But now j,  ,   j j jj  j j jj with
Ž  .2 Ž . Ž .  2  j j T P  Z P and jj  A, so j,  ,   A, a contradiction to1
Ž .Ž .Proposition 2.2 i .
Ž pŽ .. Ž .Finally in the symplectic case let R  Z O P . Then Z P  R Ri i 1 2
 Ž .  and Z P ,   1 as R  R . Let j P	H be an involution, so1 2
Ž . Ž . Ž .jQ 	Q  Z P . Furthermore j Z P  R  R but all such1 2 1 2
Ž .2involutions are conjugate as a Cartan subgroup of order q 1 acts
 Ž .   Ž . regularly on them. Now Z P ,   R and Z P ,   R ; thus some1 2
commutator with  is conjugate to some element of H, a contradiction to
Ž .Ž .Proposition 2.2 i .
2 Ž . 2 Ž . 3 Ž . 2 Ž . Ž .LEMMA 5.9. M is not A 2 , A 2 , D 3 , F 2 , or G 3 .3 4 4 4 2
2 Ž .Proof. First let M F 2  be the Tits-group and let xH be of4
 prime order r. By 7 we may assume that x is an involution as all elements
  Ž Ž Ž ...of prime order are inverted in M by 7 . Let NN O C x . But NM 2 M
Ž . Ž .contains a Sylow-2-subgroup and NO N   . Thus by 2.6 there is an2 3
-invariant Sylow-2-subgroup S and the two unique maximal parabolic
 8  2  8 subgroups P  2. 2 5 : 4 and P  2 . 2  containing S are -in-1 2 3
  Ž Ž ..variant. By 7 all involutions of Z O P , i 1, 2, are of type 2 A. Thus2 i
Ž .Ž . Ž Ž .. Ž .by Proposition 2.2 i  is trivial on Z Z O P . Now by 2.5  acts2 2
Ž .   Ž .Ž .trivially on P O P   ; thus 24 divides H by Proposition 2.2 iii .2 2 2 3
Let zH be an element of order 3. As all elements of order 3 are
  Ž .Ž . Ž Ž ..conjugate by 7 we see by Proposition 2.2 i that  is trivial on O C z3 M
   which is a Sylow-3-subgroup of M. Thus 216 8.27 divides H and by 7
we see that  1, a contradiction.
Ž .In the other cases either 2  or p  by 5.7 but p  byH H H
Ž . Ž .5.2 and there is an -invariant Sylow-p-subgroup S by 5.3 .
2 Ž . Ž . 4 14Ž 2 .In case M A 2  B 3 let P  2 Alt and P  2 3 : 2 be3 2 1 5 2
the maximal parabolics containing S. By minimality of M now  is trivial
Ž . Ž . Ž .on P O P . From the isomorphism M 3 it follows that O P is1 2 1 5 2 1
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the permutation module of Alt which is absolutely irreducible. As now 5
Ž .    centralizes Alt it centralizes O P ; thus P ,   1 S,  . As5 2 1 1
 Ž .   Ž . Aut z  4 but Aut z  2 for some zH of order 5, we haveM P1
MH, a contradiction.
2 Ž . 16 Ž . 44ŽNow let M A 2 and let P  2 PGU 2 and P  2 33 1  3 2
. Ž Ž ..Alt be the maximal parabolic containing S. As now E P O P  1 5 2 2 2
Ž .acts trivially on this factor, so C  contains an element y of order 5.M
Ž . Ž .Now C y is a cyclical subgroup of order 15. Let z C y be of orderM M
Ž² :. ² :3. Then z is in class 3 A or 3B, so C z  z U is -invariant withM
Ž .  U SU 2 . Thus UH. Now by 7 ,  has to be of class 3 A or 3B if it is4
4 Ž .nontrivial. From the subgroup 3  we see that C z contains an5 M
Ž .element z conjugate to z. Thus also C z is -invariant and now1 M 1
MH is a contradiction.
3 Ž .Next let M D 3 and let P be the unique maximal parabolic4 1
3Ž . Ž . Ž .containing S with O P O P  SL 27 . By minimality  centralizes1 3 1 2
this factor and thus H contains involutions. Let iH be an involution.
Ž Ž . ² :.  Now F* C i  i is simple by 14 ; thus by minimality it is centralizedM
 Ž .  Ž .from  which forces C i ,   1. But C i is maximal and containsM M
 Ž . another involution j with C j ,   1 too. Thus MH, a contradic-M
tion.
Ž . Ž .Let finally MG 3 . We have 2  as in 5.8 so let iH be an2 H
Ž . 14Ž . 2Ž .involution. Let C C i  2 3 3 : 2. As  is trivial on CO CM
there is an -invariant Sylow-2-subgroup S of M. Then S is of type 4 2
Ž . Ž .and Z S  S . As  cannot induce an automorphism of 2-order on S
Ž .Ž .   Ž .by Proposition 2.2 i , we have S,   1. Let E C S  4 4. AsS
    Ž .E : S  2 we have E,   1. By 2.5 now  is trivial on
Ž . Ž .. Ž .N E C E Alt ; thus  centralizes S, O C , and therefore C byM M 4 2
Ž . Ž .Ž .2.5 and Proposition 2.2 iii . As C contains an involution j i and
 Ž .  Ž .Ž .C j ,   1 by Proposition 2.2 i we have HM, a contradiction.M
6. THE MAIN THEOREMS
Ž .Proof of Theorem C. Assume M is a minimal counterexample. By 3.2
M is simple. By the classification of finite simple groups G is either
Ž . Ž .alternating, sporadic, or of Lie type. By 3.3 and 3.4 M is of Lie type.
Ž . Ž . Ž .But by 5.6 , 5.8 , and 5.9 this cannot happen. Therefore we get a
contradiction and no counterexample exists.
Proof of Theorem A. Let G be a counterexample. By the first remark
in the introduction now G is a CCCP-group for some gG with
² G: Ž .G g . By 2.1 this nonsolvable group G corresponds to a nonsolv-
 able -CCP-group H with H,  H. But this contradicts Theorem C, so
G does not exist.
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Ž . Ž . Ž .Proof of 1.4 . Let Q be a counterexample. By 1.5 now G Q is ar
² G:nonsolvable CCCP-group for some gG with G g . By Theorem A
such a group does not exist and we get a contradiction.
Ž 1 .G G Ž .  4Proof of Theorem B. The condition g g 	 C g  1 is exactlyG
G Ž .the condition that g is a transversal to C g . Therefore Theorem B isG
equivalent to Theorem A.
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